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This lecture

Previous lecture
Lecture 10: The GLS estimator by direct minimisation.

Today
Mean and variance of the Aitken estimator
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Unbiasedness of β̂G

Unbiasedness. Substitute y = Xβ + ε into (2.2):

β̂G = (X ′Ω−1X)−1X ′Ω−1(Xβ + ε)
= (X ′Ω−1X)−1(X ′Ω−1X)β + (X ′Ω−1X)−1X ′Ω−1ε

= β + (X ′Ω−1X)−1X ′Ω−1ε.

Taking expectations, E(β̂G) = β.
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Variance of β̂G

Variance. Write AG = (X ′Ω−1X)−1X ′Ω−1, so β̂G − β = AGε. By Rule
P4,

Var(β̂G) = AG(σ2Ω)A′
G

= σ2(X ′Ω−1X)−1X ′Ω−1 Ω Ω−1X(X ′Ω−1X)−1

= σ2(X ′Ω−1X)−1(X ′Ω−1X)(X ′Ω−1X)−1

= σ2(X ′Ω−1X)−1.
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Estimating σ2

Let eG = y − Xβ̂G be the GLS residuals. In the transformed model the
residuals are e∗

G = TeG and

e∗′
Ge∗

G = e′
GT ′TeG = e′

GΩ−1eG.

The transformed model satisfies all OLS assumptions, so by the
Preliminaries E(e∗′

Ge∗
G) = σ2(n − k). Therefore

s2
G = e′

GΩ−1eG

n − k

is an unbiased estimator of σ2, and V̂ar(β̂G) = s2
G(X ′Ω−1X)−1.
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After this lecture

Practice
Re-work the derivations and examples of this lecture without looking at
the slides.

Next lecture
Lecture 12: Aitken’s theorem: statement and short proof.
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