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This lecture

Previous lecture

Lecture 12: Aitken's theorem: statement and short proof.

@ Gauss—Markov theorem for GLSE (Aitken’s theorem)
@ Proof Il (long): a direct proof
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Proof Il (long): unbiasedness condition

Proof.

Let B = Ay + ¢ be any linear estimator, where A is a k X n matrix and ¢
is a k x 1 vector, both free of y (they may depend on X and 2).

Step 1 (condition for unbiasedness). Since E(y) = X3,

E(B) =AE(y) +c=AXB +c.

This must equal 8 for every 3.
® Putting 8 = 0 gives ¢ = 0.

® Then AXB = B for every B. Taking B = ej, the jth unit vector,
gives AXe; = ej, that is, the jth column of AX is the jth column of

I,.. Hence AX = I,.
So 3 is unbiased if and only if c=0and AX = Ij.
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Proof Il (cont.): Steps 2 and 3

Proof (cont.)
Step 2 (sampling error). With ¢ =0 and AX = I,

B=AXB+e)=AXB+ Ae = B + Ae, so B-fB=Ae.

Step 3 (the GLS matrix). Write B¢ = Agy with
Ag = (X'Q71X)71X'Q L. It satisfies

AcX = (X' 'x)"\(X'07'X) =1,

so GLS is itself a linear unbiased estimator with ¢ = 0.
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Proof Il (cont.): Steps 4 and 5

Proof (cont.)

Step 4 (difference from GLS). Define D = A — Ag, so that
A= Aqg+ D. Then

DX =AX-AcX=1;—-1,=0, andso X'D =(DX) =0.
Step 5 (variance of the competitor). From Step 2 and Rule P4,
Var(B) = A Var(e)A' = 02 AQA' = 0%(Aq + D)Q(A¢ + D).
Multiplying out,

Var(B) = 02{ AcQA} + AgQD' + DQAL, + DQD'}.
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Proof Il (cont.): Step 6

Proof (cont.)
Step 6 (first term).
AgQAL = (X' X)Xt oo i x(x'o i x) !
= (x'o'x) " xolxx'otx)!
= (X' 'x)".

So 02 AgQAL, = Var(Bg). (Here we used (X'Q01X)~! symmetric, so
AL =071 X(X'Q1X)L)
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Proof Il (cont.): Steps 7 and 8

Proof (cont.)

Step 7 (cross terms vanish).
AgQD = (X' ' x)"1x'o oD’
_ (X/Q—lX)—lXID/
=(X'Q'X)"'.0=0  (Step4).
The other cross term is its transpose: DQA, = (AgQD’) = 0.
Step 8 (the key identity). Substituting Steps 6 and 7 into Step 5,

Var(B) = Var(Bg) + 02DQD’.
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Proof Il (cont.): Step 9

Proof (cont.)

Step 9 (the extra term is positive semidefinite). Since TQT" =T
(Section 2.3 of the notes),

Q=T"YT")"'=KK' with K =T"! nonsingular.
For any k x 1 vector £,
(DD = DKK'D'Y
= (K'D't)(K'D't) = > (K'D't); > 0.

(2

So DQD' is positive semidefinite.
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Proof Il (cont.): Steps 10 and 11

Proof (cont.)

Step 10 (conclusion for every linear combination). For any ¢, by Step
8 and Rule P4,

Var(¢'8) — Var(¢'Bg) = £'{Var(B) — Var(Bg)}¢
=o' DQD'C > 0.

Taking ¢ = e; gives Var(Bj) > Var(gg,j) for each coefficient j.

Step 11 (when equality holds). Equality for every ¢ means K'D'/ =0
for every £, that is, K'D’ = 0. Since K is nonsingular, D’ =0, so D =0
and A = Ag. Hence GLS is the unique best linear unbiased estimator. [
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GLS versus OLS

Result 2.3

OLS is linear and unbiased in model (2.1), so by Aitken's theorem
Var(b) — Var(Bg) is positive semidefinite. GLS is at least as efficient as
OLS. When Q =1, Ag = (X'X)~* X’ and Proof Il becomes a proof of
the ordinary Gauss—Markov theorem for OLS.

Exam tip

For “State and prove the Gauss—Markov theorem for GLSE", write Proof Il
in full. Always state the unbiasedness condition AX = I and show clearly
why the cross terms vanish. Proof | is enough for a short note.
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After this lecture

Re-work the derivations and examples of this lecture without looking at
the slides.

Next lecture

Lecture 14: A worked example of GLS.
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