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decision problem.

Today
Testing Viewed as a Decision Problem

Set-up
The Bayes Test in the Simple versus Simple Case
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Testing Viewed as a Decision Problem: Set-up

We now develop the syllabus items “estimation and testing viewed as a
decision rule problem” and “Bayes and minimax tests in simple cases”.
Let Θ = Θ0 ∪ Θ1 be a partition and let A = {a0, a1}, where a0 means “do
not reject H0 : θ ∈ Θ0” and a1 means “reject H0”. A randomised decision
rule is described by its test function

ϕ(x) = P(take a1 | X = x) ∈ [0, 1].
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The Risk of a Test

Under the testing loss function introduced earlier, and using the example
“Risk of a test under the testing loss (c01, c10)”,

R(θ, ϕ) =

c01 Eθ[ϕ(X)] , θ ∈ Θ0,

c10 Eθ[1 − ϕ(X)] , θ ∈ Θ1.

Thus Eθ[ϕ(X)] is the power function, and the risk is c01 times the Type I
error probability α(θ) = Eθϕ(X) for θ ∈ Θ0 and c10 times the Type II
error probability on Θ1.

Remark 19.1 (Neyman–Pearson versus decision theory)
The Neyman–Pearson approach fixes α and minimises the Type II error —
a restricted-class strategy of type (A). The decision-theoretic approach
instead weights the two errors by c01 and c10 and minimises a
combination. In the simple-versus-simple case the two lead to the same
family of tests (likelihood-ratio tests) but select different members of it.
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The Bayes Test in the Simple versus Simple Case

Theorem 19.2 (Bayes test)

Let Θ = {θ0, θ1}, with densities f0(x) = f(x | θ0) and f1(x) = f(x | θ1),
and let the prior assign probabilities π0 = g(θ0) and π1 = g(θ1) = 1 − π0.
Under the testing loss function introduced earlier, with L(θ0, a1) = c01 and
L(θ1, a0) = c10, the Bayes test rejects H0 when

f1(x)
f0(x) >

π0c01
π1c10

,

does not reject H0 when the inequality is reversed, and may do anything
on the boundary. That is, the Bayes test is a likelihood ratio test with
critical value k = π0c01/(π1c10).
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Proof of the Bayes Test Theorem

Proof.
By the Structure Theorem (structure of the Bayes rule) we minimise, for
each x, the posterior expected loss. The posterior probabilities are

π(θ0 | x) = π0f0(x)
p(x) , π(θ1 | x) = π1f1(x)

p(x) ,

where
p(x) = π0f0(x) + π1f1(x).
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Proof of the Bayes Test Theorem (cont.)

Proof (cont.)
The posterior expected losses of the two actions are

ρ(π, a0 | x) = L(θ0, a0)π(θ0 | x) + L(θ1, a0)π(θ1 | x)

= 0 + c10
π1f1(x)

p(x) ,

ρ(π, a1 | x) = L(θ0, a1)π(θ0 | x) + L(θ1, a1)π(θ1 | x)

= c01
π0f0(x)

p(x) + 0.
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Proof of the Bayes Test Theorem (cont.)

Proof (cont.)
Action a1 (reject) is preferred when ρ(π, a1 | x) < ρ(π, a0 | x), i.e. when

c01 π0f0(x) < c10 π1f1(x),

after multiplying through by p(x) > 0. Rearranging,

f1(x)
f0(x) >

π0c01
π1c10

,

as claimed. The two actions are equally good when equality holds, so the
behaviour on the boundary is immaterial.
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Minimum Bayes Risk of the Bayes Test

Corollary 19.3
The minimum Bayes risk is

r(g) =
∫

X
min {c10π1f1(x), c01π0f0(x)} dx.
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Example: Bayes Test for a Normal Mean

Example 19.4 (Bayes test for a normal mean)

Let X1, . . . , Xn be i.i.d. N(θ, σ2) with σ2 known, and test H0 : θ = θ0
against H1 : θ = θ1 where θ1 > θ0. Take π0 = π1 = 1

2 and c01 = c10 = 1
(0–1 loss).

Solution
The likelihood ratio is

Λ(x) = f1(x)
f0(x) = exp

{
− 1

2σ2

[∑
i

(xi − θ1)2 −
∑

i

(xi − θ0)2
]}

.
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Bayes Test for a Normal Mean (cont.)

Solution (cont.)
Expanding the bracket,∑

i

(xi − θ1)2 −
∑

i

(xi − θ0)2 = −2(θ1 − θ0)
∑

i

xi + n(θ2
1 − θ2

0),

so
Λ(x) = exp

{
n(θ1 − θ0)

σ2 x̄ − n(θ2
1 − θ2

0)
2σ2

}
.
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Bayes Test for a Normal Mean (cont.)

Solution (cont.)
By Theorem 19.2 with k = π0c01/(π1c10) = 1, we reject H0 when
Λ(x) > 1, i.e. when

n(θ1 − θ0)
σ2 x̄ >

n(θ2
1 − θ2

0)
2σ2 .

Since θ1 > θ0 we may divide by the positive quantity n(θ1 − θ0)/σ2,
obtaining

Reject H0 ⇐⇒ x̄ >
θ0 + θ1

2

The Bayes test with equal priors and equal losses simply compares the
sample mean with the midpoint of the two hypothesised values — an
intuitively compelling rule.
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Bayes Test for a Normal Mean: Bayes Risk

Solution (cont.)
Its Bayes risk is

r(g) = 1
2Pθ0

(
X̄ > θ0+θ1

2

)
+ 1

2Pθ1

(
X̄ ≤ θ0+θ1

2

)
= Φ

(
−

√
n (θ1 − θ0)

2σ

)
,

using the symmetry of the normal distribution, where Φ is the standard
normal distribution function.
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After this lecture

Practice (Lecture Notes, Chapter 1)
• Short-answer questions (Section 1.12): Q16.

Next lecture
Lecture 20: The minimax test; summary and revision.
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