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Wald’s fundamental identity for the SPRT

The SPRT stopping time is not bounded, so the bounded-case theorem
cannot be applied to it directly. The following theorem closes this gap,
using the almost-sure termination theorem.

Theorem 27.1 (Wald’s fundamental identity for the SPRT)
Let N be the stopping time of an SPRT with finite boundaries
log B < 0 < log A, and suppose P(Z1 = 0) < 1. Then

E
[
etWN ϕ(t)−N

]
= 1

for every real t with ϕ(t) < ∞ and ϕ(t) ≥ 1. In particular, if h ̸= 0
satisfies ϕ(h) = 1, then E{ehWN } = 1 exactly.
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Idea of the proof: Wald’s fundamental identity for the SPRT

Idea of the proof.
Apply the bounded-case theorem to the bounded stopping time
N ∧ n = min(N, n) and let n → ∞. While sampling continues, Wn stays
between log B and log A, so etWn is bounded by a constant; and ϕ(t) ≥ 1
gives ϕ(t)−n ≤ 1. Hence the contribution of the event {N > n} is at most
a constant multiple of P(N > n), which tends to zero by the almost-sure
termination theorem.
(Full proof: Lecture Notes, Appendix A.)
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Wald’s equation

Theorem 27.2 (Wald’s equation)
Let Z1, Z2, . . . be i.i.d. with E|Z1| < ∞, and let N be a stopping time
with respect to a filtration (Fm) such that Zm is Fm-measurable and
Zm+1 is independent of Fm (e.g. Fm = σ(X1, . . . , Xm) when Zi is a
function of Xi), with E(N) < ∞. Then

E(WN ) = E(N)E(Z1).
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Proof of Theorem: Wald’s equation

Proof.
Write WN =

∑∞
i=1 Zi 1(N ≥ i). The event {N ≥ i} ∈ Fi−1 is

independent of Zi, so

E
∞∑

i=1
|Zi| 1(N ≥ i) =

∞∑
i=1

E|Zi|P(N ≥ i)

= E|Z1|
∞∑

i=1
P(N ≥ i) = E|Z1|E(N) < ∞.

This justifies interchanging expectation and summation (Fubini’s theorem):

E(WN ) =
∞∑

i=1
E(Zi)P(N ≥ i) = E(Z1)

∞∑
i=1

P(N ≥ i) = E(Z1)E(N),

using ∑
i≥1 P(N ≥ i) = E(N) for a positive integer-valued N .
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Wald’s equation and the fundamental identity

Remark 27.3
Formally, Wald’s equation also follows by differentiating
E[etWN ϕ(t)−N ] = 1 at t = 0, since ϕ(0) = 1 and ϕ′(0) = E(Z1). The
direct proof above avoids the regularity conditions needed to differentiate
under the expectation. For the SPRT, E(N) < ∞ by the almost-sure
termination theorem, so Wald’s equation applies provided Eθ|Z1| < ∞
(true for every model in the section on distribution-specific SPRTs); it is
the basis of the A.S.N. approximation.
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After this lecture

Practice (Lecture Notes, Chapter 2)
• Short-answer questions (Section 2.12): Q8.
• Exercises (Section 2.13): 2.9.

Next lecture
Lecture 28: Wald’s second identity.
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