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Lecture 28: Wald's second identity.
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The operating characteristic (O.C.) function

The O.C. and A.S.N. functions are obtained from Wald's fundamental
identity and Wald's equation (previous section).

The operating characteristic (O.C.) function is the probability of accepting
Hy when the true parameter is 6:

Q(6) = Py(accept Hp).

Thus Q(6p) =1—a’ ~1—a and Q(61) = ' ~ 3, where a, 3 are the
nominal and ', 3’ the attained error probabilities, and 1 — Q(6) is the
power function of the SPRT. A desirable test has a large O.C. value in the

region represented by H( and a small value in the region represented by
H,.
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A note on notation

Note 29.1 (Notation)

Wald (1947) and Goon, Gupta and Dasgupta (2003) write the O.C.
function as L(€). In these notes L denotes a loss function (Chapter 1), so

the O.C. function is written Q(0).
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The O.C. root

For a fixed 6, define the moment generating function of Z1,

Po(t) = Eg(") =By l{m} ] |

Lemma 29.2 (The O.C. root)

Suppose that Po(Z1 > 0) > 0, Pg(Z1 <0) >0, puz(0) = Eg(Z1) # 0, and
that ¢g(t) is finite for every real t. Then the equation

pg(h) =1

has exactly one non-zero root h = h(6), and h(0) has the sign opposite to
that of pz(6). Moreover,

h(fo) =1,  h(6) = —1.
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Proof of Lemma: The O.C. root

Proof.

The function ¢y is continuous and strictly convex (because Z; is not
degenerate), with ¢»(0) = 1 and ¢}(0) = pz(#). Choose ¢ > 0 such that
Po(Zy < —c) > 0 and Py(Z; > ¢) > 0. For t < 0 we have !4t > ¢~ on
{Z1 < —c}, s0

Po(t) > e Py(Zy < —c) — 0 (t - —00),

and similarly ¢g(t) — oo as t — +o0.

Suppose p1z(0) > 0. Then ¢g(t) < 1 for small negative ¢, while

¢g(t) — 0o as t — —oo; by continuity there is a root h < 0. A strictly
convex function takes the value 1 at most twice, and ¢ = 0 is one of them,
so there is no other non-zero root. The case uz(0) < 0 is symmetric.
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Proof of Lemma: The O.C. root (cont.)

Proof (cont.)

Finally,
=5 [B] - e
o =20 B3] i

with sums in place of integrals in the discrete case. 0
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The O.C. root in the distribution-specific models

Remark 29.3

For the Bernoulli, binomial, Poisson and normal-mean models of the
section on distribution-specific SPRTs, ¢g is finite on the whole real line.
For the normal-variance, exponential and gamma models it is finite only on
an interval, but the conclusion of the lemma still holds (full proof: Lecture
Notes, Appendix A).
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Derivation of the O.C. formula

Wald's fundamental identity for the SPRT (section on Wald's fundamental
identity) with ¢t = (@), for which ¢g{h(6)} = 1, gives the exact relation

Eg[exp{h(0)Wn}] = 1.
Splitting this expectation according to the decision taken,
Q) Ey [ehWN | accept Ho]
+ {1 = QO)} By [ | reject Ho| =1, h=h(0).

So far everything is exact.
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Derivation of the O.C. formula (cont.)

The only approximation is to neglect the overshoot of Wy beyond the
boundaries: Wy ~ log B when Hj is accepted and Wy = log A when it is
rejected, so the two conditional expectations are replaced by B" and A".
Consequently,

QOB +[1-Q(0)4"" ~ 1,

and hence

AMO) _ 1
QO ~ mw g
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After this lecture

Practice (Lecture Notes, Chapter 2)

¢ Short-answer questions (Section 2.12): Q10.
¢ Exercises (Section 2.13): 2.10.

Next lecture

Lecture 30: The parametric method for drawing the O.C. curve.
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