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This lecture

Previous lecture
Lecture 30: The parametric method for drawing the O.C. curve.

Today
Average Sample Number Function
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The average sample number (A.S.N.) function

The average sample number (A.S.N.) function is

ASN(θ) = Eθ(N).

Write µZ(θ) = Eθ(Z1). Since Eθ(N) < ∞ (termination theorem), Wald’s
equation gives, provided Eθ|Z1| < ∞ (true for every model in the section
on distribution-specific SPRTs),

Eθ(WN ) = Eθ(N)µZ(θ).
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The A.S.N. approximation

Ignoring overshoot,

Eθ(WN ) ≈ Q(θ) log B + [1 − Q(θ)] log A.

Therefore, provided µZ(θ) ̸= 0,

Eθ(N) ≈ Q(θ) log B + [1 − Q(θ)] log A

µZ(θ) .
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The A.S.N. approximation is positive

Both numerator and denominator have the same sign. To see this, write
a = log A > 0, b = log B < 0 and h = h(θ) ̸= 0, and substitute
Q = (Ah − 1)/(Ah − Bh). The numerator then satisfies{

Qb + (1 − Q)a
}(

Ah − Bh)
= (Ah − 1) b + (1 − Bh) a

= g(h) := b eha − a ehb + a − b.

Now g(0) = 0 and g′(h) = ab (eha − ehb); since ab < 0 and a > b, g′(h)
has the sign of −h. Hence g increases on (−∞, 0] and decreases on
[0, ∞), so g(h) < 0 for every h ̸= 0.
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The A.S.N. approximation is positive (cont.)

Since Ah − Bh has the sign of h, the numerator g(h)/(Ah − Bh) is
negative exactly when h(θ) > 0, which by the O.C. root lemma happens
exactly when the drift µZ(θ) is negative. Hence the approximation is
positive.
In particular,

Eθ0(N) ≈ (1 − α) log B + α log A

µZ(θ0) ,

Eθ1(N) ≈ β log B + (1 − β) log A

µZ(θ1) .
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The drift under the two hypotheses

Remark 31.1 (The drift under the two hypotheses)

µZ(θ0) = Eθ0 log{f1(X)/f0(X)} = −K(f0, f1) < 0,

µZ(θ1) = K(f1, f0) > 0,

where K(f, g) = Ef log{f(X)/g(X)} is the Kullback–Leibler divergence,
which is positive for f ̸= g by Jensen’s inequality.
Under H0 the walk Wm drifts downwards towards the acceptance
boundary and under H1 upwards towards the rejection boundary; the
larger the divergence between f0 and f1, the smaller the A.S.N.

Kapil Kumar (CCSU Meerut) SI–II • Lecture 31 2026–27 7 / 8



After this lecture

Practice (Lecture Notes, Chapter 2)
• Short-answer questions (Section 2.12): Q9, Q14.
• Exercises (Section 2.13): 2.18.

Next lecture
Lecture 32: The zero-drift case.
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