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This lecture

Previous lecture
Lecture 34: SPRT for a Poisson population.

Today
Distribution-Specific SPRTs

Normal mean with known variance
Normal variance with known mean
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Normal mean: likelihood ratio and lines

Let Xi ∼ N(µ, σ2), where σ2 is known, and test H0 : µ = µ0 against
H1 : µ = µ1, µ1 > µ0. With Sm =

∑m
i=1 Xi,

Zi = µ1 − µ0
σ2

(
Xi − µ0 + µ1

2

)
,

Wm = µ1 − µ0
σ2

(
Sm − m(µ0 + µ1)

2

)
.

Lines.

σ2 log B

µ1 − µ0
+ m(µ0 + µ1)

2 < Sm <
σ2 log A

µ1 − µ0
+ m(µ0 + µ1)

2 .
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Normal mean: O.C. function in closed form

Under µ, Z1 is normal with

µZ(µ) = µ1 − µ0
σ2

(
µ − µ0 + µ1

2

)
, σ2

Z = (µ1 − µ0)2

σ2 .

Hence ϕµ(h) = exp{hµZ + 1
2h2σ2

Z}, and ϕµ(h) = 1 with h ̸= 0 gives
h = −2µZ/σ2

Z , that is,

h(µ) = µ0 + µ1 − 2µ

µ1 − µ0
.

This is linear in µ, with h(µ0) = 1, h(µ1) = −1 and h = 0 at the midpoint
µ∗ = (µ0 + µ1)/2.
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Normal mean: O.C. and A.S.N. functions

Therefore

Q(µ) ≈ Ah(µ) − 1
Ah(µ) − Bh(µ) ,

Eµ(N) ≈ Q(µ) log B + {1 − Q(µ)} log A

(µ1 − µ0){µ − (µ0 + µ1)/2}/σ2 , µ ̸= µ∗,

and at the midpoint

Eµ∗(N) ≈ −σ2(log A)(log B)
(µ1 − µ0)2 .
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Normal variance: likelihood ratio and lines

Let Xi ∼ N(µ, σ2) with known µ, and test H0 : σ2 = σ2
0 against

H1 : σ2 = σ2
1, σ1 > σ0. Put

d = 1
σ2

0
− 1

σ2
1

> 0, Vm =
m∑

i=1
(Xi − µ)2.

Then

Zi = d

2(Xi − µ)2 − log σ1
σ0

, Wm = d

2Vm − m log σ1
σ0

.

Lines. H0 is accepted for small and rejected for large values of Vm:

2{log B + m log(σ1/σ0)}
d

< Vm <
2{log A + m log(σ1/σ0)}

d
.
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Normal variance: O.C. function

Under σ2, (X − µ)2/σ2 ∼ χ2
1, whose m.g.f. is (1 − 2u)−1/2 for u < 1

2 .
Hence, for h d σ2 < 1,

ϕσ2(h) =
(

σ0
σ1

)h (
1 − h d σ2

)−1/2
= 1 ⇐⇒

(
σ0
σ1

)2h

= 1 − h d σ2,

so that

σ2(h) = 1 − (σ0/σ1)2h

h d
, h ̸= 0.

One verifies σ2(1) = σ2
0 and σ2(−1) = σ2

1.
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Normal variance: A.S.N. function

µZ(σ2) = d

2σ2 − log σ1
σ0

, σ∗2 = log(σ2
1/σ2

0)
d

= log(σ2
1/σ2

0)
σ−2

0 − σ−2
1

.

Away from σ∗2,

Eσ2(N) ≈ Q(σ2) log B + [1 − Q(σ2)] log A
1
2dσ2 − log(σ1/σ0)

.

At the zero-drift value, Var{(X − µ)2} = 2σ∗4 gives

Eσ∗2(Z2
1 ) = d2

4 · 2σ∗4 = d2σ∗4

2 , Eσ∗2(N) ≈ −2(log A)(log B)
d2σ∗4 .
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After this lecture

Practice (Lecture Notes, Chapter 2)
• Short-answer questions (Section 2.12): Q12.
• Exercises (Section 2.13): 2.5, 2.11.

Next lecture
Lecture 36: SPRT for exponential and gamma populations.
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