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This lecture

Previous lecture

Lecture 35: SPRT for a normal mean and a normal variance.

@ Distribution-Specific SPRTs
@ Exponential distribution: rate parameterisation

@ Gamma distribution with known shape
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Exponential (rate): likelihood ratio

In this chapter the exponential parameter is a rate:
f(x;@)z@e_gx, x>0, 6>0.

For testing Hy : 0 = 0y against Hy : 0 = 601, 61 > 0y (shorter lifetimes
under Hy), with S, = > X,

A= (3) " exp (—01 — )5

0
W = mlog ?1 — (01 — 00)Spm.
0
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Exponential (rate): lines and O.C. function

Lines. Here W,,, decreases in S,,, so Hy is rejected for small and accepted
for large total lifetimes:

1 —log A
reject Hy if Sy, < m Og(%/@o)e o8 ,
1— 0o
1 —log B
accept Hy if S, > m Og(%/%)ﬁ o8 .
1— 0o

0.C. function. Since Eg(e ) = 0/(0 + u) for 6 +u > 0,

o1\" 0
dg(h) (0()) 3 h0 —00) , whenever 6 + h(6; — 6y) > 0,
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Exponential (rate): O.C. and A.S.N. functions

. which gives

h(01 — 6o)

o(h) = G- MO

with 0(1) = 6y and 6(—1) = ;. (Notice the formal identity with the
Poisson case.)

A.S.N. function.

0, 6,—0 . 6i—6
uz(G)zlogé—1 - 10

6 ’ N log(el/ﬁo) '
Because Vary(Z1) = (61 — 6)? /62,

0.\ 2 log A)(log B
Ee*(Z%)_(IOgg(l)) : Ea*(N)%—M-
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Gamma (known shape): likelihood ratio

Let X; have gamma density with known shape k£ > 0 and unknown rate
0> 0:

0k k—1_—0x
f(:L‘,H)—%x e ’* x> 0.

For testing Hy : 0 = 0y against Hy : 0 = 01, 61 > 0y,

Zz' = klogz; — (91 — Ho)Xi, W =km logZ— — (91 eo)Sm
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Gamma (known shape): acceptance and rejection lines

Lines.
1 —log A
reject Hy if S, < i log(61/60) — log )
01 — 69
kmlog(61/60¢) — log B
accept Hy if S, > m log(61/60) — log .
01 — 6
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Gamma (known shape): O.C. function

Since Eg(e™X) = {6/(0 + u)}*,
61\" 6 .
(90) 0+h(01—00)] -

— (91>h9 —1
6o/) 0+ h(61 —6y) -
Thus the O.C. root, #(h), and hence the O.C. curve are exactly those of
the exponential case, for every shape k.

pg(h) =
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Gamma (known shape): A.S.N. function

91 91 — 90 * 01 - 00
:U'Z(e) - {log - } ) 0" = 10g(01/60)7
N (log A)(log B)
= k{log(61/60)}>
The drift is k times the exponential drift, so the A.S.N. is approximately
the exponential A.S.N. divided by k. The exponential model is the special
case k = 1. Stating explicitly whether 6 is a rate or a scale is essential; the
rate convention is used here for both gamma and exponential distributions.
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Summary of common SPRTs: increments

Model Increment Z; Eg-(Z3)
Bernoulli Xilog 2 + (1 — X;) log {=2 9192
Poisson X, log ’A\jl) — (M — o) A* (log %)2
Normal mean 5o (X, — bobin) (#1;#
Normal variance g(Xi —n)? —log o sd*o*
Exponential rate log z—; — (01 —6p)X; (log %)2
Gamma rate, klog ¢+ — (61 — 60) X; k(log (%)2
shape k

Table 36.1: Log-likelihood-ratio increments, O.C. parametrisations (next frame)
and zero-drift second moments for common SPRTs. In every case
0* = limy,_o 6(h) is the zero-drift value.
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Summary of common SPRTs: O.C. parametrisations

Model 0.C. parametrisation
1— k"
i = i _p _1-p
Bernoulli p(h) = pra— with p = p—;, K= ﬁ
. h(A1 — o)
Poisson MR = —"—~ 79/
W= -1
Normal mean p(h) = 5{po + p1 — h(p — po)}
1— 2h
Normal variance a%(h) = 1-(o0/0)™
hd
. h(01 — o)
Exponential rate 0(h) = ——F—
i W= o1
Gamma rate, shape same as exponential

k

Table 36.1: (cont.) O.C. parametrisations.
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After this lecture

Practice (Lecture Notes, Chapter 2)
¢ Short-answer questions (Section 2.12): Q13.
¢ Exercises (Section 2.13): 2.12.

Next lecture

Lecture 37: O.C. and A.S.N. curves; comparison with a fixed-sample test.
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