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This lecture

Previous lecture

Lecture 46: One-sided bounds; duality with the sign test; principles of
nonparametric testing.

@ Tests for Randomness Based on Runs
@ Conditional Distribution of the Number of Runs
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A run is a maximal uninterrupted sequence of identical symbols. For
example,

AABBABB
contains four runs: AA, BB, A and BB.

Runs tests detect clustering or excessive alternation.
® Too few runs indicate clustering or persistence;

® too many runs indicate rapid alternation.
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Conditional distribution of the number of runs

Suppose a sequence contains n; symbols of type A, ny symbols of type B,
and n = ny + no. Conditional on (ny,ns), all (:1) arrangements are
equally likely under randomness.

Lemma 47.1 (Compositions)

The number of ways of dividing r identical symbols, placed in a row, into
k non-empty runs is (j_}).

A division into k runs is obtained by choosing k — 1 of the » — 1 gaps
between adjacent symbols at which to cut, and every choice gives a
different division. O
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Null distribution of the number of runs

Theorem 47.2 (Null distribution of the number of runs)

Under randomness, conditionally on (n1,ns),
92 ni1—1\ /na—1
(nl)
ni1—1\ /nao—1 ni1—1\ /no—1
=2k + 1) = Lk )+ G ) ()
() ’

where a binomial coefficient with an invalid lower index is interpreted as
zero.
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Proof of Theorem: Null distribution of the number of runs

Proof.

Runs of A's and B’s must alternate, and an arrangement is completely
determined by the symbol it starts with and by the lengths of its successive runs.

Even case, R = 2k. There are k runs of each type. The sequence may start with
ny—

A or with B (2 ways); the n; A's can be split into & runs in (%' 7") ways and the
ns B'sin (?7') ways (Compositions Lemma).
Odd case, R = 2k + 1. Either there are k + 1 runs of A and k runs of B (the
. & o ni—1 na—1
sequence must then start and end with A), giving ("', ") ("}*7") arrangements, or

k runs of A and k + 1 runs of B, giving (%' 7") ("% ") arrangements.

Dividing by the total number (:1) of equally likely arrangements gives the
result. Ol
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After this lecture

Practice (Lecture Notes, Chapter 3)

® Short-answer questions (Section 3.14): Q5.
® Exercises (Section 3.15): 3.8.

Next lecture

Lecture 48: Mean and variance of the number of runs; the one-sample
runs test.

Kapil Kumar (CCSU Meerut) SI-Il = Lecture 47 2026-27 7/

~



	Tests for Randomness Based on Runs
	Conditional Distribution of the Number of Runs


